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ABST RACT
Some physically interesting weak-gravitational effects and
phenomena are reviewed and briefly discussed: particle geo-
metric phases due to the time-dependent spin-rotation cou-
plings, non-inertial gravitational wave in rotating reference of
frame, hyperbolical geometric quantum phases and topologi-
cal dual mass as well.
I. INT RODUCT ION
On the basis of the theoretical and experimental works
concerning the spin-rotation coupling by Mashhoon et al.
[1,2], we investigate some relativistic quantum gravita-
tional effects associated with gravitomagnetic fields: the
geometric quantum phase factor of a spinning particle in-
teracting with time-dependent gravitomagnetic fields and
the non-inertial gravitational wave in time-dependent ro-
tating reference frame. By means of neutron-gravity in-
terferometry experiment, this geometric phase factor due
to time-dependent spin-rotation coupling can be applied
to obtaining information on small fluctuations of Earth’s
rotating frequency [3]. Mashhoon’s spin-rotation cou-
pling is a static case, while the interaction of the intrin-
sic spin of a particle with the non-inertial gravitational
wave is its mobile realization. With the improvements
in precise-measuring instruments, particularly the laser-
interference technology, it becomes possible for investi-
gating quantum mechanics in weak-gravitational fields,
which provides tests of Einstein theory of general rela-
tivity in quantum regime.
Both geometric phases [4,5] of wave function in Quan-
tum Mechanics and gravitomagnetic charge (topological
dual charge of mass) [6–9] in the general theory of relativ-
ity reveal Nature’s geometric or global properties. Differ-
ing from the dynamical phase, geometric phase depends
only on the geometric nature of the pathway along which
the quantum system evolves [10,11]. Here we show the
existence of the hyperbolical geometric quantum phase
that is different from the ordinary trigonometric geomet-
ric quantum phase [12]. Gravitomagnetic charge (dual
mass) is the gravitational analogue of magnetic monopole
in Electrodynamics [13]; but, as we will show here, it
possesses more interesting and significant features, e.g.,
it may constitute the dual matter that has different grav-
itational properties compared with mass. In order to
describe the space-time curvature due to the topolog-
ical dual mass, we construct a dual Einstein’s tensor.
Further investigation shows that gravitomagnetic poten-
tials caused by dual mass are respectively analogous to
the trigonometric and hyperbolic geometric phase. The
study of the geometric phase and dual mass provides a
valuable insight into the time evolution of quantum sys-
tems and the topological properties in General Relativity.
II. GRAVIT OMAGNET IC FIELDS ,
SPIN −ROT AT ION COUPLINGS AND
GEOMET RIC PHASES
According to the equivalence principle in general rela-
tivity, the nature of spin-rotation coupling is merely the
interaction between the gravitational spin-magnetic mo-
ment and the gravitomagnetic field. By considering the
Doppler effect of a light signal in the non-inertial refer-
ence frame rotating relative to the fixing reference frame,
Mashhoon obtained the Hamiltonian of the spin-rotation
coupling, which is of the form H = ~ω · S with ~ω and S
respectively denoting the rotating frequency of the ro-
tating frame and the intrinsic spin of a photon. In the
framework of general relativity, however, we transformed
the Kerr metric from the fixing reference frame to the
rotating frame, and therefore obtained the exterior grav-
itomagnetic potential (one of the metric components g0ϕ)
of the spherically symmetric rotating body as follows [3]
g0ϕ ≃
2aGM sin2 θ
c2r
+
2ωr2 sin2 θ
c
, (2.1)
which is calculated by using the weak-field approxima-
tion, where c and G are the speed of light and the grav-
itational constant, respectively; a is so defined that ac
represents the angular momentum per unit mass of this
gravitating body, and (r, θ, ϕ) stands for the displace-
ments of the spherical coordinate system fixed in the ro-
tating reference frame. It follows that the first term on
the right handed side in Eq.(2.1) is related to the gravita-
tional constant G and is vanishing when the radial coor-
dinate r →∞, whereas the second term tends to infinity
rather than vanishes since it arises from the coordinates
transformation in terms of the equivalence principle. It
is of interest that the second term in Eq.(2.1) also gives
rise to a gravitomagnetic field whose strength is just the
rotating frequency, ~ω, of the rotating frame with respect
to the fixing reference system. It is well known that the
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magnetic field results in the Lorentz force acting on a
charged particle, in the similar fashion, the non-inertial
gravitomagnetic field ~ω also yields a fictitious Coriolis
force acting on a moving particle. In view of above dis-
cussion, one can also obtain the same Hamiltonian of
spin-rotation coupling by using the Dirac equation with
spin connection in curved spacetimes. Essentially, we
can draw a conclusion that the interaction of the gravi-
tational magnetic moment and the gravitomagnetic field
involves spin-rotation coupling. The spin-rotation cou-
pling leads to the inertial effects of the intrinsic spin of
a particle, for instance, although the equivalence princi-
ple still holds, the universality of Galileo’s law of freely
falling particles is violated, provided that the spin is po-
larized vertically up or down in the non-inertial frame
[1].
Since there exists observational evidence for the cou-
pling of spin- 12 particle with the rotation of the Earth,
we suggest a geometric effect in the coupling of the neu-
tron spin with the time-dependent rotation of the Earth.
Since the analogy can be drawn between gravity and elec-
tromagnetic force in some aspects, Aharonov and Carmi
proposed the geometric effect of vector potentials of grav-
ity, and Anandan, Dresden and Sakurai et al. proposed
the quantum-interferometry effect associated with grav-
ity [14–17]. What they investigated is now termed the
Aharonov-Carmi effect, which is the gravitational ana-
logue to the Aharonov-Bohm effect in electrodynamics
that appears as a geometric quantum phase factor (i.e.,
Berry’s phase factor) in the wave function of an elec-
tron moving along a closed path surrounding a magnetic
flux. Although the spin-rotation coupling and Aharonov-
Carmi effect have the same origin, namely, both arise
from the presence of the Coriolis force (i.e., the interac-
tion of the motion of the particle with the non-inertial
gravitomagnetic field, ~ω), we argue that the Aharonov-
Carmi effect mentioned above does not comprise the new
geometric effect due to the time-dependent rotation of
the non-inertial frame.
It is well known that the geometric phase factor ap-
pears in the quantum systems whose Hamiltonian ex-
plicitly depends on time or possesses evolution param-
eters. Differing from the dynamical phase which is re-
lated to the energy, frequency or velocity of a particle
or a quantum system, geometric phase is dependent only
on the geometric nature of the pathway along which the
system evolves, which reflects the global and topologi-
cal properties of evolution of the quantum systems. By
making use of the Lewis-Riesenfeld invariant theory and
the invariant-related unitary transformation formulation
[18], we compute the geometric phase that results from
the neutron spin-rotation coupling in which the rotating
frequency is time-dependent. The result may be written
as follows
φ± = ±
1
2
∫ t
0
dϕ(t′)
dt′
[1− cos θ (t′)] dt′ (2.2)
with (θ, ϕ) being the angle displacements over the param-
eters space of the conserved invariant, an operator whose
eigenvalue is time-independent; ± corresponding to the
neutron spin polarized vertically up and down. For the
case of the adiabatic limit in which θ is constant, the
geometric phase in one cycle over the parameter space
is then φ± = ±
1
2 · 2π(1 − cos θ), where 2π(1 − cos θ) is
the expression for the solid angle which presents the ge-
ometric properties of time evolution of this spin-rotation
system.
At present, investigation of geometric phase factor is
an important direction in atomic and molecular physics,
quantum optics, condensed matter physics and molecular
reaction chemistry as well. Geometric phase factor has
many applications in various branches of physics, say, in
the case of this spin-rotation coupling, a potential ap-
plication can be suggested. Since this geometric phase
reveals the time evolution of ~ω(t), information on the
Earth’s variations of rotation will be obtained by mea-
suring the geometric phase of the oppositely polarized
neutrons through the neutron interferometry experiment.
III. NON − INERT IAL GRAVIT AT IONAL WAVE
IN ROT AT ING REFERENCE OF FRAME
Note that Mashhoon’s spin-rotation or spin-gravity
coupling is only confined within the static case in which
the rotating frequency is independent of time. Here we
propose another interaction where the intrinsic spin of
a particle is coupled to a propagating gravitomagnetic
field. Einstein theory of General Relativity predicts that
the accelerated mass produces the propagation of the
space-time curvature which is termed the gravitational
wave. Detecting and investigating these space-time rip-
ples is one of the leading areas in astrophysics and cos-
mology. Because of the weakness of the gravitational
radiation, gravitational wave has not been detected up
to now even by means of both resonant-mass detectors
and laser-interferometric detectors. In this paper, how-
ever, we suggest the concept of non-inertial gravitational
wave, which does not relate to the smallness of the gravi-
tational constant. Further detailed reasons are illustrated
in the following. It follows from Eq.(2.1) that, in the
rotating reference frame, the rotation yields additional
space-time curvature (expressed by 2ωr
2 sin2 θ
c
) which is
independent of the gravitational constant, G. If, there-
fore, the rotating frequency ~ω varies with time, the vari-
ation of the space-time curvature (the disturbance of the
gravitational field) in the rotating reference frame prop-
agates outwards in the form of wave motion. Such a
propagating disturbance is referred to as a non-inertial
gravitational wave (NGW). By ignoring some negligible
2
and higher-order terms, the wave equation of motion in-
volving source terms is readily obtained
(
1
c2
∂2
∂t2
−∇
2
)
hmn +
16πG
c4
Smn = ηik
∂2
∂t2
(
aima
k
n
)
,
(3.1)
where hmn and ηik denote the amplitudes of gravita-
tional wave and the metric tensor of the flat Minkowski
spacetime, respectively; aim and a
k
n are the matrix ele-
ments of coordinate transformation from the fixing frame
to the rotating frame; Smn = Tmn −
1
2ηmnT with Tmn
being the energy-momentum tensor of matter and T =
ηmnTmn. By using the low-motion weak-field approxi-
mation, further analysis shows that there exist only two
kinds of amplitudes of NGW, i.e., h00 and h0ϕ in the
time-dependent rotating reference frame, and the expres-
sions of the source term on the right handed side of
Eq.(3.1) are respectively of the form −r2 sin2 θ ∂
2
∂t2
(
ω2
c2
)
and r2 sin2 θ ∂
2
∂t2
(
ω
c
)
. Note, however, that this NGW de-
pends on the non-inertial reference frame and differs from
the standard gravitational wave predicted by Einstein.
Experimental evidence for spin-rotation coupling ex-
ists in the microwave and optical regimes via the phe-
nomenon of frequency shift of polarized radiation. It is
believed that with the foreseeable improvements in de-
tecting technology, the interaction between the intrinsic
spin of fundamental particles and NGW can also be de-
tected. Since the existence of spin-rotation coupling can
be observed only from the non-inertial frame, NGW is
thus defined to be such space-time ripples associated with
the non-inertial reference frame. It is therefore apparent
that investigation of NGW is of much physical interest
since its intensity is no longer dependent on the gravita-
tional wave.
Although it possesses the non-inertial properties, this
NGW can be coupled to matter. It is shown in what
follows that the coupling coefficient depends on the grav-
itational constant, G.
In London’s electrodynamics of superconductivity, the
velocity v of the superconducting electrons and the mag-
netic potentials A satisfies ∂
∂t
v = − e
me
∂
∂t
A which leads
to the self-induced charge current and thus provides pho-
tons field with an effective mass term in field equa-
tion or Lagrangian of electrodynamics. This procedure
is equivalent to the mechanism of spontaneously sym-
metrical breaking. In the theory of gravity, the simi-
lar phenomenon exists since the momentum density ρmv
is conserved before and after the particles scattering,
which is in analogy with the case in the superconduc-
tor where the electric current density is also conserved as
the scattering is inhibited for Cooper pairs. Note that the
Einstein’s equation of gravitational field under the low-
motion weak-field approximation is formally analogous
to the Maxwell equation of electromagnetic field, then
in the case of gravitating matter, one can arrive at the
similar relation ∂
∂t
v = c ∂
∂t
h between the velocity of par-
ticles and the gravitomagnetic vector potentials h, where
h = (g01, g02, g03). From the point of view of the low-
motion weak-field approximation, the self-induced mass
current results from this coupling of gravity to matter
and then enables the gravitational field to possess an ef-
fective rest mass squared, m2g = −
h¯2
c4
(8πGρm), where h¯
and ρm denote the Planck constant and the mass den-
sity of matter, respectively. Apparently, the NGW is not
merely the non-inertial effect, for the effective mass of
NGW is related to the gravitational constant, G.
IV. HYPERBOLICAL GEOMETRIC QUANT UM
PHASES AND T OPOLOGICAL DUAL MASS
Geometric phase exists in time-dependent quantum
systems or systems whose Hamiltonian possesses evolu-
tion parameters [18,19]. As is well known, the dynam-
ical phase of wave function in Quantum Mechanics is
dependent on dynamical quantities such as energy, fre-
quency, coupling coefficients and velocity of a particle or
a quantum system, while the geometric phase is imme-
diately independent of these physical quantities. When
Berry found that the wave function would give rise to
a non-integral phase (Berry’s phase) in quantum adia-
batic process [4], geometric phase attracts attention of
many physicists in various fields such as gravity theory
[20,21], differential geometry [11], atomic and molecular
physics [22], nuclear physics [23], quantum optics [24–26],
condensed matter physics [27–30] and molecular-reaction
chemistry [22] as well. In many simple quantum systems
such as an electron possessing intrinsic magnetic mo-
ment interacting with a time-dependent magnetic field
(or a neutron spin interacting with the Earth’s rota-
tion [3]), a photon propagating inside the curved optical
fiber [12,26], and the time-dependent Jaynes-Cummings
model describing the interaction of the two-level atom
with a radiation field [31], geometric phase is often pro-
portional to 2π(1 − cos θ), which equals the solid angle
subtended by a curve with respect to the origin of pa-
rameter space1. This, therefore, implies that geomet-
1The solid angle subtended by the curve trace on the cone,
at the center, shows the topological meanings of geometric
phase. Geometric phase is absent in the quantum system
when its Hamiltonian is independent of time. Geometric
phase of many simple physical systems in the adiabatic pro-
cess can be expressed in terms of the solid angle over the
parameter space, e.g., the wave function of a photon prop-
agating inside the non-coplanar curved optical fiber obtains
this topological phase, where the parameter space is just the
momentum (i.e., velocity) space of the photon [26].
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ric phase differs from dynamical phase and it involves
global and topological information on the time evolution
of quantum systems. In addition to this trigonometric
geometric phase, there exists the so-called hyperbolical
geometric phase that is expressed by 2π(1− cosh θ) with
the hyperbolical cosine cosh θ = 12 [exp(θ) + exp(−θ)] in
some time-dependent quantum systems, e.g., the two-
level atomic system with electric dipole-dipole interac-
tion and the harmonic-oscillator system [32]. It is verified
that the generators of the Hamiltonians of these quantum
systems form the SU(1, 1) Lie algebra. Further analysis
indicates that quantum systems, which possess the non-
compact Lie algebraic structure (whose group parameters
can be taken to be infinity) will present the hyperbolical
geometric phase, while quantum systems with compact
Lie algebraic structure will give rise to the trigonometric
geometric phase.
Since Lorentz group (describing the boosts of refer-
ence frames in the space direction) in the special the-
ory of relativity is also a non-compact group, this leads
us to consider the topological properties associated with
space-time. We take into account the gravitational ana-
logue to the magnetic charge [13], i.e., gravitomagnetic
charge that is the source of gravitomagnetic field just as
the case that mass (gravitoelectric charge) is the source of
gravitoelectric field (i.e., Newtonian gravitational field in
the sense of weak-approximation). In this sense, gravito-
magnetic charge is also termed the dual mass. It should
be noted that the concept of the ordinary mass is of
no physical significance for the gravitomagnetic charge;
it is of interest to investigate the relativistic dynamics
and gravitational effects as well as geometric properties
of this topological dual mass (should such exist). From
the point of view of differential geometry, matter may
be classified into two categories: gravitoelectric matter
and gravitomagnetic matter. The former category pos-
sesses mass and constitutes the familiar physical world,
while the latter possesses dual mass that would cause the
non-analytical property of space-time metric. Einstein’s
field equation of gravitation in general theory of relativ-
ity governs the couplings of gravitoelectric matter (which
possesses mass) to gravity (space-time); accordingly, we
should have a field equation governing the interaction of
dual matter with gravity. By making use of the varia-
tional principle, the gravitational field equation of grav-
itomagnetic matter can be obtained where the dual Ein-
stein’s tensor is denoted by [8] ǫαλστRβ
∗λστ − ǫ
βλστRα
∗λστ
with ǫαλστ and Rβ
∗λστ being the four-dimensional Levi-
Civita completely antisymmetric tensor and the Riemann
curvature tensor that describes the space-time curvature,
respectively. By exactly solving this field equation, one
can show that the topological property of the solution
gtϕ(r, θ) can be illustrated as follows: solid angle sub-
tended by the curve shows the topological property of
the gravitomagnetic vector potential of a static gravit-
omagnetic charge at the origin of the spherical coordi-
nate system. Take the gravitomagnetic vector potentials
g =
(
0, 0, 2µ4pi ·
(1−cos θ)
r sin θ
)
in spherical coordinate system,
then the loop integral,
∮
curve g · dl = µ(1− cos θ), is pro-
portional to the solid angle subtended by the curve with
respect to the origin. The same situations arise in the
adiabatic quantum geometric phase (Berry’s quantum
phase), which reflects the global or topological properties
of time evolution (or parameters evolution) of quantum
systems.. Such property is in analogy with that of the
geometric quantum phase in the time-dependent spin-
gravity coupling (i.e., the interaction between a spinning
particle with gravitomagnetic field [3]) and other quan-
tum adiabatic processes [12,21]. The topological proper-
ties of gravitomagnetic charge (dual mass) may be shown
in terms of the global features of geometric quantum
phase2. It follows that the expression of gravitomagnetic
potential, gtϕ(r, θ), due to dual mass is exactly analogous
to that of the trigonometric geometric phase. In the sim-
ilar fashion, it is readily verified that the gravitomagnetic
potential, gθϕ(r, t), is similar to that of the hyperbolical
geometric phase. This feature originates from the fact
that the Lorentz group is a non-compact group.
Although there is no evidence for the existence of
this topological dual mass at present, it is still essen-
tial to consider this topological or global phenomenon
in General Relativity. It is believed that there would
exist formation (or creation) mechanism of gravitomag-
netic charge in the gravitational interaction, just as some
prevalent theories provide the theoretical mechanism of
existence of magnetic monopole in various gauge interac-
tions [33,34]. Magnetic monopole in electrodynamics and
gauge field theory has been discussed and sought after
for decades, and the existence of the ’t Hooft-Polyakov
monopole solution [33] has spurred new interest of both
2Analogy between topological dual mass and geometric quan-
tum phase are as follows: the dynamical correspondences to
both of them are respectively the mass and the dynamical
phase; gravitomagnetic moment results from the mass cur-
rent, which is also the dynamical physical quantity; both re-
veal the global properties of physical systems. Comparison
between gravitomagnetic charge and geometric phase enables
to show the topological properties of the former. The rea-
son why the topological property is important lies in that the
global description of the physical phenomena is essential to
understand the world. It is of interest that dual matter may
constitute a dual world where dual mass abides by their own
dynamical and gravitational laws, which is somewhat differ-
ent from the laws in our world; for example, dual mass is
acted upon by a gravitomagnetic Lorentz force in Newton’s
gravitational (gravitoelectric) field, and the static dual mass
produces the gravitomagnetic field rather than the Newton’s
gravitoelectric field.
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theorists and experimentalists [34–36]. As the topologi-
cal gravitomagnetic charge in the curved space-time, dual
mass is believed to give rise to such interesting situa-
tion similar to that of magnetic monopole. If it is indeed
present in universe, dual mass will also lead to significant
consequences in astrophysics and cosmology. We empha-
size that although the gravitomagnetic vector potential
produced by the gravitomagnetic charge is the classical
solution to the field equation, this kind of topological
gravitomagnetic monopoles may arise not as fundamen-
tal entities in gravity theory, e.g., it will behave like a
topological soliton.
Gravitomagnetic charge has some interesting relativis-
tic quantum gravitational effects [1,3,8], e.g., the gravi-
tational anti-Meissner effect, which may serve as an in-
terpretation of the smallness of the observed cosmolog-
ical constant. In accordance with quantum field the-
ory, vacuum possesses infinite zero-point energy density
due to the vacuum quantum fluctuations; whereas ac-
cording to Einstein’s theory of general relativity, infi-
nite vacuum energy density yields the divergent curva-
ture of space-time, namely, the space-time of vacuum
is extremely curved. Apparently it is in contradiction
with the practical fact, since it follows from experimen-
tal observations that the space-time of vacuum is asymp-
totically flat. In the context of quantum field theory
a cosmological constant corresponds to the energy den-
sity associated with the vacuum and then the divergent
cosmological constant may result from the infinite en-
ergy density of vacuum quantum fluctuations. However,
a diverse set of observations suggests that the universe
possesses a nonzero but very small cosmological constant
[37–40]. How can we give a natural interpretation for
the above paradox? Here, provided that vacuum mat-
ter is perfect fluid, which leads to the formal similarities
between the weak-gravity equation in perfect fluid and
the London’s electrodynamics of superconductivity, we
suggest a potential explanation by using the cancelling
mechanism via gravitational anti-Meissner effect3: the
gravitoelectric field (Newtonian field of gravity) produced
by the gravitoelectric charge (mass) of the vacuum quan-
tum fluctuations is exactly cancelled by the gravitoelec-
tric field due to the induced current of the gravitomag-
3Note that in London’s electrodynamics for superconduc-
tivity, the equation governing the magnetic fields in super-
conductors is of the type: ∇2B = λ2B with λ being a real
number. In cosmological perfect fluid, however, the equation
governing the gravitomagnetic fields in fluid is of the type:
∇2Bg = −λ
2
gBg, which means the absence of the gravita-
tional analogue to the superconducting Meissner’s effect. We
can refer to this phenomenon as the gravitational (gravito-
magnetic) anti-Meissner effect due to the minus sign on the
right-handed side of the latter equation.
netic charge of the vacuum quantum fluctuations; the
gravitomagnetic field produced by the gravitomagnetic
charge (dual mass) of the vacuum quantum fluctuations
is exactly cancelled by the gravitomagnetic field due to
the induced current of the gravitoelectric charge (mass
current) of the vacuum quantum fluctuations. Thus, at
least in the framework of weak-field approximation, the
extreme space-time curvature of vacuum caused by the
large amount of the vacuum energy does not arise, and
the gravitational effects of cosmological constant is elimi-
nated by the contributions of the gravitomagnetic charge
(dual mass). If gravitational Meissneranti-Meissner ef-
fect is of really physical significance, then it is necessary
to apply this effect to the early universe where quantum
and inflationary cosmologies dominate the evolution of
the Universe.
V. CONCLUDING REMARKS
For the present, it is possible to investigate quantum
mechanics in weak-gravitational fields, with the devel-
opment of detecting and measuring technology such as
laser-interferometer technology and so on. These inves-
tigations enable physicists to test validity or universality
of fundamental laws and principles of General Relativ-
ity in, for instance, the microscopic quantum regimes.
The above-mentioned effects associated gravitomagnetic
fields reflect the relativistic quantum gravitational prop-
erties of matter-gravity couplings in weak-gravitational
fields. It is believed that these effects will give rise to fur-
ther interest of investigation, since there exist many phys-
ically potential applications of these relativistic quantum
gravitational effects in quantum optics, gravity theory,
quantum theory, cosmology, applied physics and other
related areas as well.
Study of the geometric property in quantum regimes is
an interesting and valuable direction. Since it reveals the
global and topological properties of evolution of quantum
systems, geometric phase has many applications in vari-
ous branches of physics, say, in the coupling of neutron
spin to the Earth’s rotation [1,2], a potential application
may be suggested where the information on the Earth’s
variations of rotating frequency will be obtained by mea-
suring the geometric phase of the oppositely polarized
neutrons through the neutron-gravity interferometer ex-
periment. The topological charge in curved space-time
also deserves further investigation, since it reflects plen-
tiful global or geometric properties hidden in the gravity
theory. It is believed that both theoretical and experi-
mental interest in this direction may enables people to
understand the global phenomena of the physical world
better.
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